



















POLY-CAUCHY NUMBERS AND POLYNOMIALS WITH
UMBRAL CALCULUS VIEWPOINT
DAE SAN KIM AND TAEKYUN KIM
Abstract. In this paper, we give some interesting identities of poly-Cauchy
numbers and polynomials arising from umbral calculus.
1. Introduction






, (see [11, 12, 13]). (1.1)








The poly-Cauchy polynomials of the first kind C
(k)
n (x) of index k are defined by









, (k ∈ Z), (see[11]). (1.2)
For λ ∈ C with λ 6= 1, the n-th Frobenius-Euler polynomial of order r is defined











, (r ∈ Z), (see [1,10]). (1.3)











, (r ∈ Z), (see [1,15]). (1.4)
The Stirling numbers of the first kind are defined by the generating function to
be






(m ∈ Z≥0). (1.5)
Thus, by (1.5), we get
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l, (see [14]). (1.7)
Let C be the complex number field and let F be the set of all formal power series









∣∣∣∣∣ ak ∈ C
}
. (1.8)
Let P = C[x] and let P∗ be the vector space of all linear functionals on P.
〈L | p(x)〉 denotes the action of the linear functional L on the polynomial p(x). For




k! , let us define the linear functional on P by setting
〈f(t)|xn〉 = an, (n ≥ 0), (see [2,14,15]). (1.9)




= n!δn,k, (n, k ≥ 0), (1.10)
where δn,k is the Kronecker symbol. (see [14,15]).





k. By (1.10), we easily see that 〈fL(t)|x
n〉 =
〈L|xn〉 and so as linear functionals L = fL(t). The map L 7→ fL(t) is a vector space
isomorphism from P∗ onto F . Henceforth, F denotes both the algebra of formal
power series in t and the vector space of all linear functionals on P, and so an
element f(t) of F will be thought of as both a formal power series and a linear
functional (see[14,15]). We call F the umbral algebra. The umbral calculus is the
study of umbral algebra (see [14]). The order o(f(t)) of a power series f(t)(6= 0) is
the smallest integer k for which the coefficient of tk does not vanish. If o(f(t)) = 1,
then f(t) is called a delta series; if o(g(t)) = 0, then g(t) is called an invertible seires.
Let f(t), g(t) ∈ F with o(f(t)) = 1 and o(g(t)) = 0. Then there exists a unique




= n!δn,k for n, k ≥ 0.
The sequence Sn(x) is called the Sheffer sequence for (g(t), f(t)) which is denoted
by Sn(x) ∼ (g(t), f(t)), (see [14]).
For f(t), g(t) ∈ F and p(x) ∈ P, we have


























(k ≥ 0). (1.13)
Thus, by (1.13), we have
tkp(x) = p(k)(x) =
dkp(x)
dxk
, (see [14]). (1.14)
Let Sn(x) ∼ (g(t), f(t)). Then we see that









, for all x ∈ C, (1.15)











f(t)Sn(x) = nSn−1(x), (n ≥ 0), (see [14, 15]). (1.17)
As is well known, the transfer formula for pn(x) ∼ (1, f(t)), qn ∼ (1, g(t)), (n ≥






x−1pn(x), (see [14]). (1.18)









Sn(x), (see [14]). (1.19)












l(f¯(t))m|xn〉, (see [14]). (1.21)
Finally, we note that eytp(x) = p(x+ y), (p(x) ∈ P).
In this paper, we investigate some properties of poly-Cauchy numbers and poly-
nomials with umbral calculus viewpoint. From our investigation, we derive some
interesting identities of poly-Cauchy numbers and polynomials.
2. Poly-Cauchy numbers and polynomials
From (1.2), we note that C
(k)
n (x) is the Sheffer sequence for the pair (g(t) =
1
Lifk(−t)





, e−t − 1
)
, (k ∈ Z, n ≥ 0). (2.1)




n (0) is called the n-th poly-Cauchy number of the first
kind with index k.
Thus, we see that






, (see [12, 13]). (2.2)
By (1.16) and (2.1), we easily get






〈Lifk(log(1 + t))(−log(1 + t))
j |xn〉xj . (2.3)
Now, we compute.
〈Lifk(log(1 + t))(−log(1 + t))





























































(m− j + 1)k
.
(2.5)
From (2.1), we have
1
Lifk(−t)
C(k)n (x) ∼ (1, e
−t − 1), xn ∼ (1, t). (2.6)
By (1.18) and (2.1), for n ≥ 1 we get
1
Lifk(−t)













































l1, · · · , ln
)














From (2.7) and (2.8), we have










l1, · · · , ln, n− 1− l
)





































Bl1 · · ·Bln









l1, · · · , ln, n− 1− l
)
Bl1 · · ·Bln

















Bl1 · · ·Bln




Therefore, by (2.9), we obtain the following theorem








l1, · · · , ln, n− 1− l
)
Bl1 · · ·Bln

















Bl1 · · ·Bln
(n− l − j + 1)k
}
xj .
From (2.7), we have
1
Lifk(−t)



























































Thus, by (2.10), we get
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Therefore, by (2.5),(2.9) and (2.11), we obtain the following theorem.





















Bl1 · · ·Bln




































l1, · · · , ln, n− 1− l
)
Bl1 · · ·Bln




















where k ∈ Z, n ≥ 1.





















m ∼ (1, 1− e−t), (2.13)






m ∼ (1, e−t − 1). (2.14)
Thus, by (2.6) and (2.14), we get
1
Lifk(−t)
C(k)n (x) = (−1)
nx(n) ⇔ C(k)n (x) = (−1)
nLifk(−t)x
(n). (2.15)
From (2.15), we have














































(m− j + 1)k
.
(2.16)








Sj(x)Pn−j(y), (see [14]), (2.17)
where Sn(x) ∼ (g(t), f(t)) and Pn(x) = g(t)Sn(x).
By (2.17), we easily get












where y(n) = y(y + 1) · · · (y + n− 1).
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Lif ′k(−t)
Lifk(−t)


























From (2.20) and (2.21), we can derive
Lif ′k(−t)
Lifk(−t)

























(l − j + 2)k
xj .
(2.22)















(l − j + 2)k












(l − j + 2)k
(x+ 1)j − xC(k)n (x+ 1).
(2.23)
Therefore, we obtain the following theorem.














(l − j + 2)k
(x + 1)j − xC(k)n (x+ 1).
For f(t) ∈ F and p(x) ∈ P, we note that





By (1.10) and (2.24), we get












= 〈∂t(Lifk(log(1 + t))(1 + t)
−y)|xn−1〉
= 〈(∂tLifk(log(1 + t)))(1 + t)
−y|xn−1〉+ 〈Lifk(log(1 + t))∂t(1 + t)
−y|xn−1〉
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It is easy to show that
(tLifk(t))
′ = Lifk−1(t), (tLifk(t))
′ = Lifk(t) + tLif
′
k(t). (2.26)





From (2.27), we can derive the following equation:
〈Lif ′k(log(1 + t))(1 + t)
−y−1|xn−1〉
= 〈

































































Therefore, by (2.25) and (2.28), we obtain the following theorem.
Theorem 2.4. For k ∈ Z, n ≥ 0, we have















n−l (x+ 1)− C
(k)
n−l(x+ 1)}.
For n ≥ m ≥ 1, we evaluate
〈(log(1 + t))mLifk(log(1 + t))|x
n〉 (2.29)
in two different ways.
On the one hand, we get
〈(log(1 + t))mLifk(log(1 + t))|x





















On the other hand, we have
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〈(log(1 + t))mLifk(log(1 + t))|x
n〉 = 〈(log(1 + t))mLifk(log(1 + t))|xx
n−1〉




Now, we observe that
∂t((log(1 + t))
mLifk(log(1 + t))) = ∂t{(log(1 + t))
m−1 log(1 + t)Lifk(log(1 + t))}
= (∂t(log(1 + t))
m−1) log(1 + t)Lifk(log(1 + t)) + (log(1 + t))
m−1
× (∂t(log(1 + t))Lifk(log(1 + t)))
= (log(1 + t))m−1
1
1 + t
{(m− 1)Lifk(log(1 + t)) + Lifk−1(log(1 + t))}.
(2.32)
By (2.31) and (2.32), we get
〈(log(1 + t))mLifk(log(1 + t))|x
n〉
= (m− 1)〈Lifk(log(1 + t))(1 + t)
−1|(log(1 + t))m−1xn−1〉
















Therefore, by (2.30) and (2.33), we obtain the following theorem.
















































where Cn = C
(1)
n (0) is called the n-th Cauchy number of the first kind.
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l1, · · · , lr+1
)















l1, · · · , lr+1
)




For n ≥ 1, by (1.10), we get
C(k)n = 〈Lifk(log(1 + t)|x
n〉 = 〈Lifk(log(1 + t)|xx
n−1〉
= 〈∂t(Lifk(log(1 + t))|x
n−1〉 = 〈
Lifk−1(log(1 + t)− Lifk(log(1 + t)
(1 + t) log(1 + t)
|xn−1〉
= 〈
Lifk−1(log(1 + t))− Lifk(log(1 + t))






















































Therefore, by (2.40), we obtain the following lemma.
















It is known that






S1(m, a)S1(a+ 1, l+ 1)
Lifk−l(log(1 + t))
(1 + t)m(log(1 + t))a
, (see [11]).
(2.41)
For n ≥ m ≥ 1, by (2.41), we get
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C(k)n = 〈Lifk(log(1 + t))|x







S1(m, a)S1(a+ 1, l+ 1)〈
Lifk−l(log(1 + t))
































































Therefore, by (2.44), we obtain the following lemma.















× S1(m, a)S1(a+ 1, l+ 1)T
(a,k−l)
n−m+a−s.











From (2.1) and (2.45), we have






































































































× 〈Lifk(log(1 + t))
(
t

















, (see [4, 5]). (2.49)




















Therefore, by (2.47) and (2.50), we obtain the following theorem.
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Remark 1. It is known that
t








Thus, by (2.51), we get
(
t









a1, · · · , ar
)





































































, e−t − 1
)








where r ∈ Z≥0.







Then, by (1.21), we get


















































Therefore, by (2.56) and (2.57), we obtain the following theorem.






























































, e−t − 1
)


























Therefore, by (2.56) and (2.57), we obtain the following theorem.













where x(n) = x(x+ 1) · · · (x+ n− 1).
16 DAE SAN KIM AND TAEKYUN KIM
ACKNOWLEDGEMENTS. This work was supported by the National Research
Foundation of Korea(NRF) grant funded by the Korea government(MOE)
(No.2012R1A1A2003786 ).
References
[1] S. Araci and M. Acikgoz, A note on the Frobenius-Euler numbers and polynomials associated
with Bernstein polynomials, Adv. Stud. Contemp. Math., 22 (2012), no.3, 399-406.
[2] S. Araci, M. Acikgoz, A. Kilicman, Extended p-adic q-invariant integrals on Zp associated
with applications of umbral calculus, Adv. Difference Equ. 2013, 2013:96.
[3] A. Bayad, T. Kim, Identities involving values of Bernstein, q-Bernoulli, and q-Euler poly-
nomials, Russ, J. Math. Phys. 18 (2011), no. 2, 133-143.
[4] L. Carlitz, A note on Bernoulli and Euler polynomials of the second kind, Scripta Math. 25
(1961), 323-330.
[5] H. W. Gould, Explicit formulas for Bernoulli numbers, Amer. Math. Monthly 79(1972),
44-51.
[6] G. Kim, B. Kim, J. Choi, The DC algorithm for computing sums of powers of consecutive
integers and Bernoulli numbers, Adv. Stud. Contemp. Math. 17 (2008), no. 2, 137-145.
[7] D. S. Kim, N. Lee, J. Na, K. H. Park, Identities of symmetry for highter-order Euler poly-
nomials in three variables (I), Adv. Stud. Contemp. Math. 22 (2012), no. 1, 51-74.
[8] D. S. Kim, T. Kim, Y. H. Kim, D. V. Dolgy, A note on Eulerian polynomials associated with
Bernoulli and Euler numbers and polynomials, Adv. Stud. Contemp. Math. 22 (2012), no. 3,
379-389.
[9] T. Kim, Some identities on the q-Euler polynomials of higher order and q-Stirling numbers
by the fermionic p-adic integral on Zp, Russ. J. Math. Phys. 16 (2009), no. 4, 484-491.
[10] T. Kim, Identities involving Frobenius-Euler polynomials arising from non-linear differential
equations, J. Number Theory, 132 (2012), no. 12, 2854-2865.
[11] T. Komatsu, On poly-Cauchy numbers and polynomials, available at
http://carma.newcastle.edu.au/alfcon/pdfs/Takao_Komatsu-alfcon.pdf
[12] T. Komatsu, F. Luca, Some relationships between poly-Cauchy numbers and poly-Bernoulli
numbers, Annales Mathematicae et Informaticae, 41(2013), 99-105.
[13] T. Komatsu, Poly-Cauchy numbers, to appear.
[14] S. Roman, The umbral calculus, Pure and Applied Mathematics, 111.Academic Press, Inc.
[Harcourt Brace Jovanovich, Publishers], New York, 1984. x+193 pp. ISBN: 0-12-594380-6
[15] S. Roman, G.-C. Rota, The umbral calculus, Advances in Math. 27 (1978), no. 2, 95-188.
Department of Mathematics, Sogang University, Seoul 121-742, Republic of Korea.
E-mail address: dskim@sogang.ac.kr
Department of Mathematics, Kwangwon University, Seoul 139-701, Republic of Ko-
rea
E-mail address: tkkim@kw.ac.kr
